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Abstract. Action rules introduced in [12] and extended further to e-action rules
[21] have been investigated in [22], [13], [20]. They assume that attributes in a
database are divided into two groups: stable and flexible. In general, an action
rule can be constructed from two rules extracted earlier from the same database.
Furthermore, we assume that these two rules describe two different decision classes
and our goal is to re-classify objects from one of these classes into the other one.
Flexible attributes are essential in achieving that goal since they provide a tool for
making hints to a user what changes within some values of flexible attributes are
needed for a given set of objects to re-classify them into a new decision class. There
are two aspects of interestingness of rules that have been studied in data mining
literature, objective and subjective measures [8], [1], [14], [15], [23]. In this paper
we focus on a cost of an action rule which was introduced in [22] as an objective
measure. An action rule was called interesting if its cost is below and support
higher than some user-defined threshold values. We assume that our attributes are
hierarchical and we focus on solving the failing problem of interesting action rules
discovery. Our process is cooperative and it has some similarities with cooperative
answering of queries presented in [3], [5], [6].

1 Introduction

There are two aspects of interestingness of rules that have been studied in
data mining literature, objective and subjective measures [8], [1], [14], [15].
Objective measures are data-driven and domain-independent. Generally, they
evaluate rules based on their quality and similarity between them. Subjec-
tive measures, including unexpectedness, novelty, and actionability, are user-
driven and domain-dependent. A rule is actionable if user can do an action
to his/her advantage based on this rule [8]. A formal definition of an action
rule, constructed from certain pairs of classification rules, has been proposed
in [12] and investigated further in [21], [22], [13], [20]. Interventions intro-
duced in [7] are similar to action rules. The idea behind either action rules
or interventions is to construct special kind of rules showing what changes
in values of attributes, for a given object, are needed in order to re-classify
this object the way user wants. Assuming, for instance, that objects are cus-
tomers, this re-classification may mean that a consumer not interested in a
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certain product, now may buy it, and therefore may shift into a group of
more profitable customers.

The notion of a cost of an action rule was introduced in [22] as an objective
measure. An action rule is called interesting if its cost is below some user-
defined threshold value. For a given user, the cost associated with changes of
values within one of his features is usually different than the cost associated
with changes of values within his another feature. A heuristic strategy for
replacing the initially extracted action rule by a composition of new action
rules, dynamically built, was proposed in the paper by [22]. This composition
of rules uniquely defines a new action rule and it is built with a goal to lower
the cost of reclassifying objects supported by the initial action rule. However,
in some cases the process of interesting action rules discovery may fail.

We assume, in this paper, that attributes are hierarchical and we show
that failing problem of discovering interesting action rules can be treated in
a similar way to the failing problem of database queries [3], [5], [6].

2 Information system and action rules

An information system is used for representing knowledge. Its definition,
given here, is due to Pawlak [9].

By an information system we mean a triple S = (U,A, V ), where:

• U is a nonempty, finite set called the universe,
• A is a nonempty, finite set of attributes i.e. a : U −→ Va is a function for

a ∈ A,
• V =

⋃{Va : a ∈ A}, where Va is a set of values of the attribute a ∈ A.

Elements of U are called objects. In this paper, they are often seen as
customers. Attributes are interpreted as features, offers made by a bank,
characteristic conditions etc.

By a decision table we mean any information system where the set of at-
tributes is partitioned into conditions and decisions. Additionally, we assume
that the set of conditions is partitioned into stable and flexible. For simplicity
reason, we assume that there is only one decision attribute. Date of birth is
an example of a stable attribute. Interest rate on any customer account is an
example of a flexible attribute (dependable on bank). We adopt the following
definition of a decision table:

By a decision table we mean an information system of the form S =
(U,ASt ∪ AFl ∪ {d}, V ), where d 6∈ ASt ∪ AFl is a distinguished attribute
called decision. The elements of ASt are called stable conditions, whereas the
elements of AFl are called flexible conditions.
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As an example of a decision table we take S = ({x1, x2, x3, x4, x5, x6, x7,
x8, x9}, {a, c} ∪ {b} ∪ {d}, V ) represented by Table 1. The set {a, c} lists
stable attributes, b is a flexible attribute and d is a decision attribute. Also,
we assume that H denotes a high profit and L denotes a low one.

Table 1. Decision System

a b c d

x1 2 1 2 L
x2 2 1 2 L
x3 1 1 0 H
x4 1 1 0 H
x5 2 3 2 H
x6 2 3 2 H
x7 2 1 1 L
x8 2 1 1 L
x9 2 2 1 L
x10 2 3 0 L
x11 1 1 2 H
x12 1 1 1 H

In order to induce rules in which the THEN part consists of the decision
attribute d and the IF part consists of attributes belonging to ASt ∪AFl, we
can use LERS for rules extraction [2].

In order to efficiently extract such rules, when the number of attributes
is large, we use sub-tables (U,B∪{d}, V ) of S where B is a d-reduct (see [9])
in S. The set B is called d-reduct in S if there is no proper subset C of B
such that d depends on C. The concept of d-reduct in S was introduced to
induce rules from S describing values of the attribute d depending on minimal
subsets of ASt ∪AFl.

By L(r) we mean all attributes listed in the IF part of a rule r. For
example, if r1 = [(a1, 2) ∧ (a2, 1) ∧ (a3, 4) −→ (d, 8)] is a rule then L(r1) =
{a1, a2, a3}.

By d(r1) we denote the decision value of that rule. In our example d(r1) =
8. Similarly, if a ∈ ASt ∪ AFl, then by a(r1) we mean the value of a in the
classification part of r1. For instance, in our example, a1(r1) = 2, a2(r1) = 1.

From Table 1, we can extract the following five rules which support is
greater or equal to 2:

(b, 3) ∧ (c, 2) −→ (d,H), (a, 1) ∧ (b, 1) −→ (d, L),
(a, 1) ∧ (c, 1) −→ (d, L), (b, 1) ∧ (c, 0) −→ (d,H),
(a, 1) −→ (d,H)



4 A. Dardzińska and Z.W. Raś

Now, let us assume that (a, v −→ w) denotes the fact that the value v
of attribute a is changed to w. Similarly, (a,−→ w) denotes the fact that
the current value of attribute a is changed to w. The term (a, v −→ w)(x)
means that the property (a, v) of object x is changed to (a, w). Similarly,
(a,−→ w)(x) denotes the fact that the current value of attribute a for the
object x is changed to w.

Let S = (U,ASt ∪AFl ∪{d}, V ) is a decision table and classification rules
r1, r2 are extracted from S. The notion of e-action rule constructed from r1,
r2 (see [21]) is recalled in the section below. First, we assume that:

• B = ASt ∩ L(r1) ∩ L(r2),
• ui = ei(r2), where {e1, e2, ..., eq} = [ASt ∩ [L(r2)−L(r1)]] and 1 ≤ i ≤ q,
• ti = ci(r2), where {c1, c2, ..., cr} = [AFl ∩ [L(r2)− L(r1)]] and 1 ≤ i ≤ r,
• vi = bi(r1) and wi = bi(r2), where {b1, b2, ..., bp} = [AFl ∩ L(r1) ∩ L(r2)]

and 1 ≤ i ≤ p.

Additionally, the following two constraints are placed on rules r1, r2:

• d(r1) = k1, d(r2) = k2 and k1 ≤ k2, (k2 is a higher level class than k1),
• (∀a ∈ B)[a(r1) = a(r2)],

By (r1, r2)-e-action rule on x ∈ U we mean the expression r:

[
∏{(a, a(r1)) : a ∈ B} ∧ (e1, u1) ∧ (e2, u2) ∧ ... ∧ (eq, uq) ∧ (b1, v1 −→ w1) ∧
(b2, v2 −→ w2)∧ ...∧ (bp, vp −→ wp)∧ (c1,−→ t1)∧ (c2,−→ t2)∧ ...∧ (cr,−→
tr)](x) =⇒ [(d, k1 −→ k2)](x)

The term ” =⇒ ” means ”it is expected that”.

Object x ∈ U supports (r1, r2)-e-action rule r in S = (U,ASt ∪ AFl ∪
{d}, V ), if x supports rule r1, there is an object y supporting rule r2, and the
following conditions are satisfied:

• (∀i ≤ p)[bi(x) = vi] ∧ d(x) = k1

• (∀i ≤ p)[bi(y) = wi] ∧ d(y) = k2

• (∀j ≤ q)[ej(x) = ej(y) = uj ]
• (∀a ∈ B)[a(x) = a(r1)]

By the support of (r1, r2)-e-action rule r in S, denoted by SupS(r), we
mean the set of all objects in U supporting r in S.

By the confidence of (r1, r2)-e-action rule r in S, denoted by ConfS(r),
we mean

[SupS(r)/SupS(L(r))]× [Conf(r2)]

To find the confidence of (r1, r2)-e-action rule in S, we divide the number
of objects supporting (r1, r2)-e-action rule in S by the number of objects
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supporting left hand side of (r1, r2)-e-action rule times the confidence of the
classification rule r2 in S.

Finally, (r1, r2)-e-action rule is an action rule [12], if its structure is re-
duced to:

[(b1, v1 −→ w1) ∧ (b2, v2 −→ w2) ∧ ... ∧ (bp, vp −→ wp)](x) =⇒ [(d, k1 −→
k2)](x)

Also, we say that r is e-action rule in S, if there are classification rules
r1, r2 extracted from S such that r is (r1, r2)-e-action rule in S.

3 Cost and feasibility of action rules

Assume now that S = (U,ASt ∪AFl ∪ {d}, V ) is a decision system, b ∈ AFl,
and b1, b2 ∈ Vb are its two values. By ρ(S,x)(b1, b2) we mean a number from
(0, +∞] which describes the cost needed to re-classify a qualifying object
x ∈ U from b1 to b2. Object x ∈ U qualifies for a change from b1 to b2,
if b(x) = b1. If the above change is not feasible in practice, then we write
ρ(S,x)(b1, b2) = +∞. For instance, a user may have no clue how to relocate
x, assuming that x is a person, from one place to another place. In such a
case we would write ρ(S,x)(b1, b2) = +∞. The value of ρ(S,x)(b1, b2) close to
zero is interpreted that it is quite trivial to re-classify x from b1 to b2 whereas
any large value means that this re-classification is practically very difficult to
achieve.

If ρ(S,x)(b1, b2) < ρ(S,x)(b3, b4), then we say that the change of values from
b1 to b2 is more feasible for x than the change from b3 to b4.

By ρS(b1, b2), we mean the average cost of ρ(S,x)(b1, b2), for all qualifying
objects x ∈ U . We assume here that values ρS(b1, b2) are provided by experts.
They are treated as atomic expressions and used to introduce the formal
notion of the feasibility and the cost of action rules and e-action rules in S.

So, let us assume that r = [
∏{(a, a(r1)) : a ∈ B} ∧ (e1, u1) ∧ (e2, u2) ∧

...∧ (eq, uq)∧ (b1, v1 → w1)∧ (b2, v2 → w2)∧ ∧ (bp, vp → wp)](x) ⇒ (d, k1 →
k2)(x) is a (r1, r2)-e-action rule in S. By the cost of r denoted by cost(r)
we mean the value

∑{ρS(vk, wk) : 1 ≤ k ≤ p}. We say that r is feasible, if
cost(r) < ρS(k1, k2).

It means that for any feasible e-action rule r, the cost of the conditional
part of r is lower than the cost of its decision part and clearly cost(r) < +∞.

We say that e-action rule r is interesting, if its cost is below and its
support is above some user defined threshold values.

Assume now that d is a decision attribute in S, k1, k2 ∈ Vd, and the user
would like to re-classify objects in S from the group k1 to the group k2.
To achieve that, he may look for an appropriate action rule, possibly of the
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lowest cost value, to get a hint which attribute values have to be changed.
To be more precise, let us assume that RS [(d, k1 → k2)] denotes the set of all
e-action rules in S having the term (d, k1 → k2) on their decision site. Now,
among all e-action rules in RS [(d, k1 → k2)] he may identify a rule which
has the lowest cost value. But the rule he gets may not be interesting one
(because its cost is still too high). Let us notice that the cost of e-action rule

r = [
∏{(a, a(r1)) : a ∈ B} ∧ (e1, u1) ∧ (e2, u2) ∧ ... ∧ (eq, uq) ∧ (b1, v1 →

w1) ∧ (b2, v2 → w2) ∧ ... ∧ (bp, vp → wp)](x) ⇒ (d, k1 → k2)(x)

might be high only because of the high cost of one of its sub-terms in the
conditional part of that rule.

Let us assume that (bj , vj → wj) is that term. One option to handle this
is to look for e-action rule r1 in RS [(bj , vj → wj)] which has the smallest
cost value and next take the concatenation of rules r, r1 [22]. If the cost of
the resulting rule is still too high and assuming that the decision attribute is
hierarchical and k3 is a parent of k2, we may try to re-classify objects from
k1 to k3. If the generalized e-action rule is interesting, we should check the
lowest cost and support of the re-classification from k1 to a child of k3 which
is the nearest to k2.

Now, we recall the definition of concatenation of two rules. Let us assume
the following scenario. The action rule r = [(b1, v1 → w1)∧(b2, v2 → w2)∧...∧
(bp, vp → wp)](x) ⇒ (d, k1 → k2)(x), extracted from the information system
S, is not interesting because at least one of its terms, let us say (bj , vj → wj)
where 1 ≤ j ≤ p, has too high cost ρSi(vj , wj) assign to it.

In this case we look for a new feasible action rule r1 = [(bj1, vj1 →
wj1) ∧ (bj2, vj2 → wj2) ∧ ... ∧ (bjq, vjq → wjq)](y) ⇒ (bj , vj → wj)(y) which
concatenated with r will decrease the cost value of desired reclassification.

By the concatenation of action rule r1 with action rule r we mean a new
feasible action rule r1 ◦ r of the form:
[(b1, v1 → w1) ∧ ... ∧ [(bj1, vj1 → wj1) ∧ (bj2, vj2 → wj2) ∧ ... ∧ (bjq, vjq →
wjq)] ∧ ... ∧ (bp, vp → wp)](x) ⇒ (d, k1 → k2)(x)
where x is an object in U .

The strategy of handling failing discovery of interesting action rules based
on concatenation of action rules has one serious drawback. Each concatena-
tion is decreasing the confidence of the resulting rule. If its confidence in S
gets too low, then such action rule is no longer interesting to the user. The
cooperative strategy, presented in this paper, gives an alternate approach to
interesting action rules discovery.

4 Cooperative discovery of interesting action rules

Now, we present a simple example to illustrate the problem and outline the
cooperative strategy of discovering interesting action rules. Let us assume
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that attributes a, e are stable in S = (U,A ∪ {d}, V ), attributes b, c, d are
flexible in S, and additionally the decision attribute d is hierarchical. Its
structure, in Lisp-like notation, is given below:

d[d1[d[1,1], d[1,2]], d2[d[2,1], d[2,2]], d3[d[3,1], d[3,2]]].

The system S is represented by Table 2.

X a b c e d

x1 a2 b1 c1 e1 d[1,2]

x2 a2 b1 c1 e2 d[1,2]

x3 a1 b1 c1 e1 d[1,1]

x4 a1 b1 c1 e2 d[1,1]

x5 a1 b2 c2 e2 d[3,1]

x6 a2 b2 c1 e2 d[3,2]

x7 a1 b2 c1 e2 d[3,2]

x8 a1 b1 c2 e2 d[2,1]

x9 a1 b2 c2 e1 d[2,1]

Table 2. Decision System S

We wish to reclassify objects x3, x4 in S, from the class described by value
d[1,1] to the class described by d[3,1]. The following two classification rules can
be extracted from S:

r1 = [(a, a1) ∧ (b, b1) ∧ (c, c1) → (d, d[1,1])],
r2 = [(e, e2) ∧ (b, b2) ∧ (c, c2) → (d, d[3,1])].

From the rules r1, r2, the following e-action rule is constructed:

r = [(a, a1) ∧ (e, e2) ∧ (c, c1 → c2) ∧ (b, b1 → b2)](x) ⇒
(d, d[1,1] → d[3,1])(x).

Rule r is supported by object x4. Now, assume that the cost of reclassifica-
tion (c, c1 → c2) is too high and this is the only fact which makes r not inter-
esting for the user. In this case, we generalize d[3,1] to d3. A new classification
rule r3 = [[(b, b2)∧ (e, e2)] → (d, d3)] can be extracted from S. It is supported
by objects {x5, x6, x7}. The classification rule r2 was supported only by x5.
From r1, r3, a new e-action rule r = [(a, a1) ∧ (e, e2) ∧ (b, b1 → b2)](x) ⇒
(d, d[1,1] → d3)(x) can be constructed. Since it does not refer to the attribute
c and no new attributes are involved, the new e-action rule can be classified
as interesting for the user. It is supported by object x4 and its confidence is
100%. We can easily check that, in this particular example, its specification
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r = [(a, a1) ∧ (e, e2) ∧ (b, b1 → b2)](x) ⇒ [(d, d[1,1] → d[3,2])](x) has the same
support and confidence as the previous e-action rule and the same is classified
as interesting for the user.

Now, let us assume that r = [[(b1, v1 −→ w1) ∧ (b2, v2 −→ w2) ∧ ... ∧
(bp, vp −→ wp)] =⇒ (d, z1 −→ z2)] is an action rule which cost is above some
user specified threshold value. Rule r is produced from two classification rules
r1, r2, where:

r1 = [(b1, v1) ∧ (b2, v2) ∧ ... ∧ (bp, vp)] =⇒ (d, z1),
r2 = [(b1, w1) ∧ (b2, w2) ∧ ... ∧ (bp, wp)] =⇒ (d, z2).

We also assume that attribute d is hierarchical and by h(z2) we denote
its value which is a parent of z2 in the tree representing the domain of d.

Now, we construct a new classification rule Gd(r2) by generalizing the
decision value z2 in r2 to h(z2). In the next step, we check if by dropping
any of the terms (bi, wi) listed in L(Gd(r2)) we get a new rule r

′
2 which has

the confidence above some user defined threshold value. If this is the case,
then we drop that term in r2 and produce a new action rule from r1, r

′
2 and

check its cost. If the cost is still too high we continue the process. If the cost
is below the threshold value we stop the process.

In general, e-action rules show what changes within some values of flexible
attributes are needed for a given set of objects to re-classify them from their
current class d1 into a new decision class d2. If a discovered e-action rule has
too high cost, we can try to replace class d2 by its generalization. If attribute
d is hierarchical and the notion of a distance between its values is given,
then d2 after its generalization can be specialized to the value d3 which is
the closest to d2. Also, generalizations usually increase the support of rules
involved.

5 Conclusion

For mining interesting e-action rules, we assume that user provides three
threshold values: maximum cost λ1 , minimum support λ2, and minimum
confidence λ3. They are called interesting if their cost is lower than λ1, sup-
port is higher than λ2, and confidence is also higher than λ3. Discovered
e-action rules which satisfy the threshold requirement for confidence and
support usually have too high cost. The strategy proposed in [22] shows how
to decrease the cost of e-action rules by concatenating them with rules which
are cheaper. But, the concatenation of two e-action rules has support usually
lower than the support of the rules involved. So, we can easily fall down below
the threshold λ2. If this strategy does not work, then the cooperative process
proposed in this paper may still produce interesting e-action rules which are
satisfactory for a user.
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11. Raś, Z., Dardzińska, A., (2002) Handling semantic inconsistencies in query
answering based on distributed knowledge mining, in Foundations of Intelli-
gent Systems, Proceedings of ISMIS’02 Symposium, LNCS/LNAI, No. 2366,
Springer-Verlag, 66-74
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